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Abstract

Utilising as starting point the double solution theory of Louis de Broglie and the Bohm—
Vigier hypothesis of subquantum fluctuations, an attempt is made to give an example
of the nonlinear field theory in which the ‘guidance’ theorem of de Broglie can be realised.
The simplest scalar model is considered.

1. Introduction

In the de Broglie double solution theory (de Broglie, 1956) an elementary
particle is described by a regular solution (#-wave) of the underlying
nonlinear field equations. The field u(r,?) is supposed to be square sum-
mable. Hence, u vanishes at infinity

limu(r,t) =0

For this reason the field equations may be linearised in the region of space
outside the particle, where u(r, ?) is sufficiently small. In this region there
exists a new class of solutions (v-waves). It is assumed that only v-waves
must be responsible for the wave properties of elementary particles and
coincide with the corresponding solutions of the wave mechanical equations,
the normalisation factor being omitted.

For the explanation of the fact that v-waves may play the role of proba-
bility amplitudes Bohm & Vigier (1954) introduced the subquantum
medium (‘thermostat caché’) which had to be the source of subquantum
fluctuations. In the proof of their theorem they used the hydrodynamical
analogy and, in particular, the continuity equation 9, j* = 0 with positive
density j° > 0.

The hypothesis of the subquantum medium plays a fundamental role in
the de Broglie thermodynamics of the isolated particle (de Broglie, 1964,
1968).

The following is an attempt to find new applications of the Bohm-Vigier
hypothesis to the nonlinear field theory. Namely, it is supposed that the
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existence of subquantum fluctuations must change the differential charac-
teristics of the underlying field equations.

In fact, let the field u satisfy a nonlinear differential equation. Since the
characteristics of any differential equation. give the propagation law of
small perturbation front, it is sufficient to consider the linearised field
equation.

Following de Broglie (1967), one can represent the front velocity V as
a sum of its regular and random parts:

V =Veee + Vrana (LY
Since by definition v, is an average front velocity, we have
VD = Ve
and therefore
(V2 = Viep + (Viana (1.2)
Now it is natural to assume that
V2 = ¢

where cis the velocity of light. If now we introduce the ‘regular’ and ‘random’
coordinates by putting

dr\? dE\?
2 = 2 =[-2
vreg - (dt) ’ <vrand - (dt)

we shall obtain the following characteristics for our field equations:
c2dt? =dr? + dg? (1.3)

Thus, the field function # must depend not only on the ordinary space-
time coordinates x*, u =0, 1, 2, 3, but also on the complementary ‘random’
ones &, j=1, 2, 3, which are just to characterise the subquantum fluctu-
ations. The possible corollaries of this hypothesis will be considered in the
simplest case of a neutral scalar field.

2. Scalar Field Model. Uniqueness of the Vacuum

Let o(x,£) be a neutral scalar field function. In order to distinguish
differentiation by x* and &, it will be convenient to write:

0 _ . _ . 2 _
E=N=T5 =4 @1

Next, it is obvious that all the physical quantities must be obtained as

averages over ¢-space. This means that, for example, the hamiltonian may
contain the integrals of the kind

[ERGE
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Since we consider only regular field functions ¢(x,£), we may choose
p(£) = €% and introduce in the Hamiltonian the integral

T =[duse) 22)
Thus, we may consider the following field action:
S==} [ @xF(T)—1 [ d*xd E0,09 9 + (V9P ~ Nog?] (23)

where & () is an unknown nonlinear function.
Then the variational principle gives the following field equation:

(O+A+2%—8F(T)e=0 (2.4)

First of all we must find the solution of (2.4) which corresponds to a
no-particle state, i.e. vacuum. In this case the field function need not depend
on x¥, that is @ = @y(£).

It turns out that one can choose the constant A, so that the vacuum
solution will be unique and spherically symmetrical. In fact, the equation
for gy is

" 2 ’ ’
"+ g% +Apo— 2o F (T ) =0 (2.5)
where
T o= 7[%]

It will be shown later that the number 7 can be determined uniquely,
provided that the suitable function (") is chosen.
The equation (2.5) has the evident simplest solution of the form:

o= Cexp{~3Ao£2) 2.6)

if
F (T o) =50’ @.7)
The relation (2.7) gives a single value of A¢ > 0, which provides the unique-

ness of the vacuum solution. By direct computation of (2.2) one can also
find the value of the constant C in (2.6):

C? = 2T 4 N2 [2T/F 2

Now we must determine 7 4. Note for this that the vacuum state must
be relativistically invariant and therefore its energy must vanish, i.e.

Ey=0 (2.8)

It turns out that this condition is sufficient to determine .7 . In fact, multi-
plying (2.5) by ¢, and integrating over &-space, one finds the following
identity:

ToF (T o)+ [ @ E(T90)* — dop?] =0 29)
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with the aid of which the vacuum energy expression can be transformed
as follows:

Ey=3} [@xF(T ) +3 [ & xd E(Vgo) — Nyl
=3 [@F (T )~ T F(T )
It is seen that (2.8) holds if 7 satisfies the equation
F(T ) =T o F (T ) (2.10)

It should be noticed that the proposed scheme will be consistent if and
only if the solution of (2.10) is unique and compatible with (2.7). Then the
problem of vacuum state will be solved.

3. u- and v-waves. Mass Spectrum

Consider an arbitrary regular solution of (2.4), which corresponds to a
u-wave and satisfies the boundary conditions:

lim (x, £) = o(£); ;‘Iﬁ P(x,£) =0 G.1)

r—>©

Prove that if such a solution exists, then its field energy is strictly positive.
The field energy may be written as follows:

E=} [@xF(T)+1 [ #xdET o7 + (Vo) +@ol — Xog?] (3.2)

Since E is the integral of motion, one can put

E=<E)
where by definition

= lim—l; f@®)de (3.3)

T-»00

0

Multiplying (2.4) consecutively by ¢, (r+ V) g and (§- V)¢ and then carrying
out the r, E-integrations, complemented by the operation (3.3), one can
obtain the following three identities:

[ BT F(T) + [ HET 9 + (V9 = @@ — 2o g =0
[ B XF )+ [ & GUT 9 + (Vg = Qog) — do gD =0
| #xETF(T) + [ @ ET 9P + TP — @) — X gD =0

the boundary conditions (3.1) and the equations (2.9) and (2.10) being
taken into account.
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These identities may be rewritten in the more simple form:
| EHXF )~ [ @O +(TDe=0  (34a)
f BT F(T) — f B ET ). =0 (3.4b)
[ 5 TP +2ToP — @@ —hopD =0 (340)

Using (3.4a, b, c), the following expression for the field energy can be
easily obtained:

E= [ d*xd*&(@9) + 4T 9. . (3.5)

which proves our statement.
Now we may treat the asymptotic behaviour of the field function (v-
waves). With this intention put

p=@o+¢

where by virtue of the boundary conditions (3.1) ¥ € @o. Then i satisfies
the following linear equation:

@+ A +X—EF TN =280 F (T o) [ & &poth?) (36)

Since the coefficients in (3.6) depend only on £, one may separate the
variables by putting

(x, £) = v(x) w(€) (3.7)
The substitution of (3.7) into (3.6) gives:
(O-mHv=0 (3.8)

(A + Ao +m? = EF(T ) w =28y F"(T o) f d* &(powé?) (3.9)

where m? is the separation constant,

It is seen that v(x) satisfies the well-known Klein-Gordon equation for a
scalar particle of mass m (/i = ¢ = 1). The correspondent mass spectrum is
determined by the equation (3.9). It may be shown that the mass spectrum
will be real (m? > 0) if

F' (T )20 (3.10)

In fact, from the equation (3.9) we obtain
m? [ & w2 =21 T )| [ & elgowe))]’
+ f BE(TW?E =M w? + EF(TYw?]  (3.11)

At the same time, as it is seen from (2.5) and (2.6), A, is the lowest eigen-
value of the operator

Le—p+87(T)
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Therefore
[ & QWP —dow? + £ F (T W]
- f B EWE - A)w] =0 (3.12)

Hence, as follows from (3.11) and (3.12), m? 2 0 if F"(J ) = 0.

4. The ‘Guidance’ Theorem. Discussions

Now we can pass to the well-known ‘guidance’ theorem of Louis de
Broglie. This theorem states that the system of u- and v-waves must be
self-consistent, that is the behaviour of u-wave must be determined by the
form of v-wave and conversely (de Broglie, 1956).

The connection of u, v-waves will appear if we make the following natural
assumption. Namely, suppose that v-waves are generated by u-waves. It
means that we must impose the following initial condition

lim v(x)=0

ts—c0
Then the part of general solution of (3.6), which contains v-waves, can be
written with the aid of the retarded Green function as follows:

409 =S [ dkexp k) g6) 2 2 3= imek) 300~ )]
@4.1)

The first term in (4.1), which contains the principal value 2/ (k* —m,?),
corresponds to the part of u-wave (in the region r — =) and the second
one gives the form of v-wave:

, P
() = f d* kexp (ikx) g (k) o (4.22)
0,(x) = —imr f d* k exp (ikx) g,(k) e(k®) S(k? — m2) (4.2b)

Their connection is realised by means of the common function g (k).

It should be noticed that by definition of v,., = dr/dt as average front
velocity, u,(x) and v,(x) may describe the particle behaviour only in average.
Therefore the complete theory must be inevitably statistical.

To underline this circumstance, show how one can obtain in our scheme
the Planck—de Broglie relation

P,=k, 4.3)

which is the particular case of the ‘guidance’ formula (de Broglie, 1956).
Consider a regular solution of (2.4), corresponding to a particle of mass
my. It means that in a proper reference frame the field energy coincides
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with m,, i.e. E=m, and the asymptotic behaviour is described by
s = u(x) wy(€). Consider the flux of these particles, filling all the space.
For simplicity we can choose the rest frame of the flux and dispose the
particles in the nodes of the cube lattice of dimension @, which must be
large enough to provide the validity of linear approximation (4.1). If now
we introduce the vector

d = (na,ma,lo); nml=0,1,2,... 4.4)
we can calculate the resulting U-field as the following sum:

Ux) =2 u(t,x +d)

- f d*kexp(ikx) T exp [i(k-d)]gs(k)%a
d ]
= f d* k exp (ikx) Gs(k)P_imz— (4.5)
where
2a\3
6. =3 exp litk-0]6) = (27 309860 “6)

By using (4.6) one can find the resulting V-field as follows:
Vix) = —im f d* kexp (ikx) G (k) «(k®) S(k — m2)

= —rr ( ) J‘ dic® exp (—ik° £) g (k%) e(k®) 8(ky? — m2)
— bsin(m, 1) @7

b= ——(2") 2.m)

ms

where

Thus, in the rest frame of the flux the resulting V-field is described by
harmonic vibration of frequency

K =m=E 4.8)

The desired relation (4.3) can be obtained from (4.8) by Lorentz trans-
formation.

However, it should be remarked that our proof of the Planck-de Broglie
relation is not complete, since from the very beginning we have chosen
the regular solution of mass m;. It is not clear why these mass values are
preferable, since there are many other solutions of (2.4) with arbitrary
masses. This is one of the questions to be solved in a complete statistical
theory, permitting one to calculate the transition probability W e, |@,].

From this point of view, the proposed scalar model is very approximate
and cannot be used practically. In future it is proposed to treat the more
realistic spinor model,
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